A method is presented for measuring the complex dielectric constant of ferroelectric ceramics at microwave frequencies. The method employs a disk-shaped sample in a radial-line configuration at the end of a coaxial-line structure. An equivalent circuit, established by admittance measurements, is used to relate the radial admittance at the sample face to the measured admittance on the slotted line preceding the coaxial sample holder. The nonuniform variation of electric field over the face of the sample is taken into account by means of a continued fraction expansion of x J , ( x ) / J o ( x ) i n terms of x = k'u, where k' is the wave number in the ferroelectric sample and a is its radius. Representative data on the variation of the complex dielectric constant with temperature at 3 kmc. are given for two samples of BaTiOt fired under atmospheric pressure and 5000 lb. per sq. in. The frequency spectrum of hot-pressed Cd,NbrO, in the range 1.8 to 4.0 kmc. is also presented.
Introduction
ECAUSE of their very high dielectric constants, ferroelectrics present special measurement problems at micro-B wave frequencies. These problems stem largely from the contraction of wave length in the material, which gives rise to nonuniform field effects and makes the measurement particularly sensitive t o the shape and orientation of the sample in the wave guide or cavity. As a result, previous workers have found it necessary t o modify conventional techniques, by using quarter-wave matching sections, for example, or to employ them in combination for frequencies above 1 kmc.' The purpose of this paper is to present a method based on the ordinary impedance technique which has been used by the writers to measure a variety of ferroelectric ceramics in the frequency range 1.8 to 4.0 krnc., The method is suitable for the measurement of the complex dielectric constant of ferroelectrics with respect to variations in both temperature and bias field, and the samples are easily fabricated.
II. Theory
The coaxial-line structure and disk-shaped sample are illustrated in Fig. 1 . At frequencies below several hundred megacycles per second the sample can be represented to a good approximation by a lossy capacitor terminating a uniform line. In this case one can readily determine the relative dielectric constant, e/eo = e' -j e " , knowing the impedance at the capacitor terminals. At higher frequencies this procedure breaks down in several respects. I t becomes impossible t o identify the terminals of the effective capacitance, and the fringing fields are no longer negligible. Also, the measured capacity of the sample cannot be simply related t o the dielectric constant because of the nonuniform variation of the electric field throughout the sample. These difficulties were overcome by considering the sample disk as a section of radial line3 as suggested by the expanded view of the sample in Fig. 1 ( b ) . Only the lowest radial-line mode will be excited in the sample if the height of the radial line, dz, is small compared with the wave length h in air. are normalized susceptances and n is real.' If T I is located a t a null when the sample is replaced by a metal disk of the same height and radius as the sample, then I"] = 0 5 . The remaining elements of the equivalent circuit must be determined a t each frequency. This is most easily done by replacing the sample with two known dielectrics. Rutile (TiOz) and air have proved to be satisfactory for this purpose.
In the cnse of rutile it is assumed that there is negligible dispersion in the dielectric constant from 250 mc., where the measurement is made, to 4 kmc.
where the admittance Y', measured in the slotted line is
2 r A x and p is the measured voltage standing-wave ratio when the line is terminated in the sample. The distance A measures the shift in the standing wave toward the generator when the sample is replaced by the metal short. I t should be noted that the equivalent circuit accounts for not only the fringing fields in the sample holder but also for all other discontinuities in the line between the reference planes, including the connectors and the tapered section.
Assuming the electric field E, is a maximum a t the center of the sample, the normalized input admittance l"(a) a t just inside the sample, looking in the direction of decreasing radius, can be shown to be*
T '
where
is the wave number in the sample. The boundary condition to, be satisfied a t the air-dielectric interface is V(a) = l ' * ,
where Y ( a ) is the admittance in the dielectric a t r = a and
Ys is the admittance in air a t Y = a. In general the admittance Y ( Y ) a t any radius Y is related to the normalized admit-
where is the characteristic admittance of the radial line and d its height. Referring to Fig. I(b) , the height of the line within the sample, d l , differs from that outside the sample, dz, owing to the thickness of silver plating and solder which is applied in mounting the sample. In the sample holder to be described, dl = 0.019 in. and dz = 0.0205 in. I t follows that Using equations (3) and (4) this may be written a t x = k'a as where w is known and x is to be determined. The solution of equation (8) Terminating equation (9) with the terms shown leads to a quadratic in x*, from which the desired dielectric constant is obtained:
This approximation is good to within 1% for real x less than 2.2. This restriction on the upper value of x = k'a places an upper frequency limit of about 5 kmc. on the impedance method for dielectric constants in the order of 4000, depending, of course, on the precision with which the samples can be fabricated. In principle, one can operate a t a frequency above the first resonance in Y,, which occurs at x = 2.405, and employ a Taylor expansion of w in the region of operation. This results, however, in a significant loss of accuracy in the determination of t' due to the relatively high loss tangent of the ferroelectrics in the microwave range and to the pronounced mismatch a t the sample face.
Experimental Equipment and Procedure
Figure 3 is an assembly drawing of the sample holder. The purpose of the tapered section is to minimize the effect the Appendix (see p. 305) that for a given deviation in the measurement of the standing-wave minimum, the least error in the measured susceptance occurs when that susceptance is equal to the characteristic admittance of the slotted line.
Since the 50-ohm impedance of the slotted line used in this experiment is substantially higher than the measured reactance of the sample for most ferroelectrics in the S-band range, a transmission-line taper was employed (in the manner of an ideal transformer) to obtain a more nearly optimum load admittance in the slotted line. The taper shown in Fig. 3 was designed after the method of Willis and Sinhas to provide a five-to-one impedance transformation, which represents a reasonable compromise between the foregoing electrical considerations and the physical limitation of taper length. The disk-shaped samples are fabricated in the following manner:
Using a diamond wheel, a ceramic sheet is first cut from the rough sample stock to the approximate thickness. After surface grinding to the d, (0.019 in.) dimension, this sheet is painted on both sides with Du Pont No. 4731 silver paint, fired a t 600°C. for 22 minutes, and cooled in the furnace. The painted sheet is then resurfaced to a combined electrode thickness of 0.001 in. The individual samples are cut from this sheet with an ultrasonic cutter and then carefully centered and soldered on a thin (0.005-in.) flexible copper disk. This disk supports the sample in the holder, and the spring-loaded plug pressing against its back in the assembled sample holder assures contact between the sample and the center conductor. Figure 4 is a schematic diagram of the experimental setup. Two slotted lines (Hewlett-Packard 805.4) were employed, one for making the admittance measurements of and the other for resetting the frequency of the signal generator. The latter was required because the parameters of the equivalent circuit are quite sensitive to deviations in frequency. Both lines were modified with a 40-threads-per-in. lead-screw drive on the carriage and fitted with dial gauges having a 15-cm. range with graduations of 0.01 mm. The voltage standingwave ratios were measured using the method of Winzemer.' This method does not require a calibrated attenuator and gives results independent of the detector characteristics. The bias voltage indicated in the figure was applied through the side arm of a coaxial T junction. Isolation from the traveling-wave amplifier was provided by a General Radio coupling capacitor. 
IV. Results
In the report2 referred to previously the writers have presented the results of dielectric constant measurements on a number of ferroelectric ceramics. Representative examples of these measurements are presented in Figs. R and 6. The upper graph in Fig. 5 shows the variation of the complex dielectric constant with temperature a t 3 kmc. for ceramic barium titanate pressed a t 5000 lb. per sq. in. and fired in the conventional manner. In the lower graph, similar curves are shown for hot-pressed barium titanate. This ceramic was fired a t 1300OC. for l/* hour under a pressure of 5000 lb. per sq. in. and for this reason is particularly dense. The effect of this increase in density and the resulting reduction in grain size is apparent from the figures.
Figure f i presents the dielectric constant of hot-pressed cadmium niobate versus frequency in the range 1.8 to 4.0 kmc. The absence of any relaxation in this range is associated with the low Curie temperature of this ferroelectric ( 185OK.). I t was also observed that a t room temperature there is no appreciable dependence of the dielectric constant on electric field. The relation between the Curie temperature and the frequency and field dependence of the dielectric constant for perovskite-like ferroelectrics has been established on theoretical grounds by Diamond.8 
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APPENDIX
The condition which results in the least error (percentagewise) in measured admittance Y', for a given deviation in the position of the standing-wave minimum is identical to that which makes the measured angular shift in the standing wave, 0 = 2rA/X, most sensitive to a relative change in Y',.
This sensitivity can be calculated for a specified standing-wave ratio by rewriting equation (2) One now wishes to determine the value of k",, which maximizes This is most easily done by in terms of the measured reflection coefficient, I KI , assuming p is held constant. expressing I Kl r, = ye'$, which can be defined by the relation It follows that Since, from P -1 P + 1' 7 = -y is a constant if p is held constant, the maximum value of I K1 occurs when $ = f ? r / 2 . Taking the lower sign appropriate for a capacitive load, the optimum normalized admittance is In terms of p.
( I -i )
If p is also allowed to vary, it can be seen from equation Thus, when the measured admittance is purely susceptive, the optimum choice of line admittance is the value Yo = B,. When Y', contains a conductive term, the general condition given by equation (1-8) differs from equation (1-9) to a negligible extent if 1 << p z .
